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High-fidelity simulations of electrolyte jets in an electric field
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Abstract
When an electrolyte jet is injected through a grounded nozzle into a region with an electric
field, non-axisymmetric whipping instabilities are often observed in the jet. These instabilities
are characterized by large scale violent, chaotic and quick whips of the jet. This system is
numerically modeled using an electrohydrodynamic formulation that includes the Nernst-Planck
model for ion transport with an aim to investigate the origin and propagation of the instabilities
in the jet. Simulating this process will help gain an in-depth insight into the complex physical
phenomena that occur. In this article, the formulation and modeling of electrolyte jets using a
Poisson–Nernst–Planck (PNP) model is discussed.
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Introduction
The Poisson–Nernst–Planck (PNP) model is extensively used to describe the electrodiffusion
process of ions in electrolyte solutions. Modulation of liquid jets using a background electric
field is used in several industrial processes such as electrospinning, electrospraying and ink-jet
printing [1, 2, 3]. Several research groups have investigated instability dynamics of electri-
fied liquid jets in background electric fields both analytically and numerically [4, 5, 6, 7, 8, 9].
However, these groups have studied the instabilities on a monopolarly charged, i.e., strictly
positively or negatively charged liquid jets.

(a) Snapshot of experimentally observed instabili-
ties. Image reproduced with permission from Mul-
tiphase & Cardiovascular Flow Lab, University of
Washington. (b) Schematic of the experimental setup, not to scale

Figure 1. Experimentally observed whipping instabilities along an electrolyte jet in an electric field

In an experimental study performed at the Multiphase & Cardiovascular Flow Laboratory (MCFL)
of the University of Washington, sodium chloride solution of 55 ppm concentration was injected
at Re 1800 through a grounded nozzle. The jet flows through a region of dimensions 35.56
× 45.72 × 60.96 cm between two large metallic plates. A potential difference of 30kV exists
between the grounded nozzle and the metallic plates. A snapshot of the observed trajectory
and behavior of the jet is shown in Fig. 1a. A schematic of the experimental setup is shown in
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Fig. 1b. Of particular interest is the development and propagation of whipping instabilities along
the jet. While such instabilities have been previously studied, they have been on monopolarly
charged liquid jets [10, 11, 12, 13, 14, 15]. The physics behind electrolyte jet dynamics in an
electric field has not been explored. Such a jet comprises of an electrolytic solution, i.e., a
solution of an electrolyte in a polar solvent (typically water). The electrolyte, once dissolved
in the solution, ionizes into cations (positively charged) and anions (negatively charged) which
disperse uniformly throughout the solvent thus rendering an electrically neutral solution. When
a background electric field is applied, the ionic charges relax through a process called electro-
migration. The presence of ions carrying opposite charges in the same bulk liquid gives rise to
more electrohydrodynamic (EHD) processes than in a monopolarly charged jet (which contains
only like charges). We aim to characterize the physical processes that are observed in bipo-
larly charged (which contain both positive and negative charges) electrolyte jets in an electric
field. Experimental results collected by the MCFL serve as useful data to 1) verify a numerical
model for electrosprays and 2) understand the underlying physics that give rise to whipping
instabilities along the electrolyte jet. Additionally, a multiphase PNP model can describe fluid
transport in a variety of fields such as biophysics [16], electrochemistry [17], nanofluidics [18]
and solid-state physics [19].

Governing equations and methods
The methods discussed below have been implemented within a code called NGA - a high-order,
fully conservative, variable density, low Mach number Navier-Stokes solver that consists of
various multi-physics modules implemented in parallel using message passing interface (MPI).
The formulation discretely conserves mass and momentum in a periodic domain. NGA uses
a conservative unsplit geometric volume-of-fluid (VOF) scheme. NGA has been developed by
several groups to solve multiphase [20, 21, 22, 23, 24] and EHD flows [25, 26, 27]. In this
project, we modify the existing EHD formulation to account for bipolar charges.

Electrohydrodynamics
The Maxwell stress tensor σe

i in Eq. 2 from [27] is given by

σe
i = εiEi ⊗ Ei −

εi
2
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(
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∂εi
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)
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where ε is the electric permittivity and E is the electric field vector. Magnetic effects have been
ignored since the EHD time scale is several orders of magnitude larger than the magnetic time
scale [28] in the process that is of interest here. This electrostatic assumption eliminates the
effect of velocity of the charges (i.e., current) on the electric field thus dictating that the electric
field is only influenced by the instantaneous electric charge distribution.

In the late 1800s, Nernst [29] and Planck [30] first provided a mathematical description for
the process of electrodiffusion. Several groups have since developed numerical formulations
of the PNP model [31, 32, 33, 34]. To accurately model ionization of charged species in elec-
trolytes, we allow for separate treatment of cation (c+) and anion (c−) concentration fields.
Electric forces felectric can be expressed as the divergence of the Maxwell’s stress tensor,
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i = c±z±eEi −
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where z+ and z− are the ionic valences associated with cationic and anionic charges respec-
tively, and for a monovalent salt z+ = −z− = 1. e is the elementary charge. The first term
on the right hand side of Eq. 2 is the Coulomb (or Lorentz) force. The second and third terms
denote the dielectric and the electrostrictive forces respectively and are only significant in a
transient electric field with time scales several orders of magnitude larger than what is encoun-
tered in problems of our interest [35]. The electric field vector, which is irrotational due to the
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electrostatic assumption, can be expressed as the gradient of the electric potential φ,

Ei = −∇φi. (3)

The electric potential Poisson equation is formulated as

−∇ · (εi∇φi) = z±e(c+ − c−). (4)

The PNP system governs the motion of ions due to i) convection in the velocity field ui (advec-
tion), ii) electrostatic potential gradient (electromigration) and iii) chemical potential gradients
(diffusion) while maintaining a self-consistent electric field. The ion transport equation is

∂c±

∂t
+∇ · (c±ui + N±) = 0 (5)

where the molar flux N± is formulated using the Nernst-Planck equation as

N± = D
z±e

kBT
c±∇φ−D∇c± (6)

where D± is the diffusion constant of the charged species, kB is the Boltzmann constant and
T is the ambient temperature. The two terms that contribute to the molar flux can be described

as electromigration (advection due to the electrical velocity D
z±e

kBT
∇φ) and diffusion.

In summary, ion concentration c± and boundary conditions (BCs) in φ are used to obtain φ
using Eq. 4. Ei is then calculated using Eq. 3 after which Eq. 2 allows for the calculation of
felectric on the fluid element. Charges are transported as dictated by Eq. 5.

Using e-Mesh

Figure 2. e-Mesh shown in context with NS-Mesh and available φ BCs

An addition to the EHD module of NGA developed for this project involves using a domain
called e-Mesh. e-Mesh is much larger than the computational domain (henceforth called the
NS-Mesh) where the fluid dynamics is solved. Since our interest lies in the development and
propagation of whipping instabilities along the electrolyte jet, NS-Mesh occupies a small region
near the liquid inflow. NS-Mesh requires a well-defined φ field in order to solve Eq. 3 and obtain
the electric field. The φ field is obtained by solving Eq. 4 with appropriate BCs. However, φ
values are not readily available at the walls of NS-Mesh. φ is well defined only at the inflow
(grounded) and at the metallic plates (30kV). Instead of making an assumption at the walls
of NS-Mesh, a new domain called e-Mesh that spans between regions of well-defined φ is
initialized to obtain accurate BCs on NS-Mesh (Fig. 2). Neumann boundary conditions are
imposed on the remaining walls of e-Mesh. To make NS-Mesh as large as e-Mesh would
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demand computational resources to solve fluid dynamics far from the jet which is not of interest
in this project. Thus e-Mesh is used exclusively as an electric potential solver. In addition to
the BCs, e-Mesh is populated with the c± and these are used to solve for φ on e-Mesh. Values
of φ are interpolated from e-Mesh (which has a stretched grid and is coarser than NS-Mesh) to
cells that lie on the walls of NS-Mesh using a tri-cubic interpolation method. These interpolated
values are then used as BCs to compute φ on NS-Mesh.

Results and discussion
As discussed previously, there are two meshes involved in the methodology. The dimensions of
e-Mesh will be 35.56 × 45.72 × 60.96 cm, which is the size of the domain in the experimental
setup. Dimensions of NS-Mesh will be determined as more simulations are performed. Before
simulating liquid jets, efforts towards validation of the current PNP model are taken. The general
simulation parameters for these tests are listed in Table 1.

Table 1. Values of simulations parameters for qualitative tests, unless otherwise specified

Property Value Unit

Liquid density 1000 kg/m3

Gas density 1 kg/m3

Liquid viscosity 8.9×10−4 Pa.s
Gas viscosity 1.8×10−5 Pa.s

Surface tension 72.8×10−3 N/m
Length of domain 2 m

Potential drop 20 V
Liquid relative permittivity 50 -
Gas relative permittivity 1 -

Droplet diameter 0.4 m
Diffusion coefficient 1.6×10−6 m2/s

Ionic valence 1 -
Temperature 300 K

(a) 0 s (b) 10 s (c) 50 s

Figure 3. Charge concentration (C/m3) in a static spherical droplet (pink) at different times as seen on a
two-dimensional diametrical plane

The current formulation of PNP model is tested on a static spherical charged droplet in a cubic
domain in the absence of a background electric field. The droplet initially contains a charge
profile of the form

c± = ci exp(r
2/2η2) (7)

where ci is the maximum concentration, r is the radial distance and η governs the spatial decay
of the concentration field. This diffusion problem of an initial concentration field in a spherical
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Figure 4. Solutions at different times for the charge diffusion test with the analytic solution shown with solid lines
and numerically computed solution on a 613 mesh shown with asterisks (cations) and circles (anions)

droplet with an impermeable surface has been described by [36] and has the solution

c±(r, t) =
3

R3

∫ R

0
r2f(r)dr +

2

rR
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n=1

exp(−D±α2
nt)

sin(αnr)

sin(αnR)

∫ R

0
r′f(r′) sin(αnr

′)dr , (8)

where R is the radius of the droplet, αns are the positive roots of Rαn cot(Rαn) = 1. The initial
ion distribution for ci = 1 and η = 0.05 is shown in Fig. 3a. Figs. 3b and 3c show the ions diffus-
ing inside the droplet. Fig. 4 shows the temporal evolution of charge concentration computed
on a 613 mesh. Note that Eq. 8 is evaluated numerically using 200 terms of the infinite series
and the integral is evaluated using the midpoint rule with 2000 intervals. Excellent agreement
with the analytic solution is observed.

(a) Electric field lines (orange) and elec-
tric potential contour lines (purple)

(b) Charge accumulation (C/m3) after 25s (c) Charge accumulation (C/m3) after
100s

Figure 5. Electromigration of ions in a static spherical droplet (black) at different times as seen on a
two-dimensional diametrical plane

The formulation is also tested on a static spherical uniformly charged droplet in a cubic domain.
The electric field is initialized as shown in Fig. 5a. It is to be noted that the electric field lines and
electric potential contour bend near the interface due to the difference in permittivites between
the two fluids phases. Despite a uniform initial charge distribution, the cations and anions move
separately as dictated by the electric field. The positively charged anions "relax" by following
the electric field towards the lower potential and vice versa. This results in charge separation,
as seen in Fig. 5b. These charges eventually accumulate at the impermeable interface, i.e.,
cations accumulate close to the negatively charged boundary and anions near the positively
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charged boundary, seen in Fig. 5c. A higher charge concentration is seen in interfacial cells
that contain lower liquid volumes because the charges accumulate in a smaller liquid volume.

Conclusions and future work
Experimental studies performed at the MCFL of the University of Washington show that an
electrolyte jet, when injected through a grounded nozzle into a with a strong electric field, de-
velops whipping instabilities and undergoes atomization. In this project, a PNP model has been
developed to simulate multiphase electrolyte jet flows. Quantitative validation of the process of
diffusion of ionic species has been performed. Electromigration has been observed qualita-
tively in a charged droplet in an electric field. The model developed will be used to understand
the origination and propagation of whipping instabilities in electrolyte jets in an electric field.
The numerical domain for simulating jets will be similar to that shown in Fig. 2 and uses e-Mesh
that spans the entire domain and NS-Mesh spanning a narrow region along the propagation
of the jet. Dimensions of NS-Mesh will be determined as more simulations are performed.
Dirichlet BCs are set at the inflow region (grounded) and the top and bottom walls (30 kV).
All other regions on walls are set to Neumann BCs. Simulations are performed on multiple
processors using message passing interface. Using this model, a mesh independence study
will be performed to confirm convergent results, validate the model and to identify a reasonable
mesh resolution to capture the physical processes. A parameter study will be performed in this
numerical setup by varying electrolyte concentration, electric field strength and jet Reynolds
number to understand the physical origin and the forces driving the propagation of these insta-
bilities.
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Nomenclature
ε Electric Permittivity
E Electric field vector
φ Electric potential
D Diffusion constant
c Ion concentration field
N Ionic mass flux
z Ionic valence
kB Boltzmann constant
e Elementary charge
T Ambient temperature
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