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Abstract
In the present study, a two-dimensional low-Reynolds-number cavitating contracting-nozzle
flow interacting with a moving valve is simulated using the lattice Boltzmann (LB) method.
The Bhatnagar-Gross-Krook algorithm coupled with the immersed boundary method and an
improved pseudo-potential multiphase flow model has been further developed based on the
open-source LB code PALABOS. In order to improve the pseudo-potential model on its limita-
tion of the density ratio, the Carnahan-Starling equation of state is incorporated together with
the exact difference method force scheme and an upgraded interaction force term. Using PAL-
ABOS, cavitation in a contracting nozzle is simulated for a whole cycle of the valve motion. It
is found that cavitation dynamics, including interface conditions, cavitation bubble distributions,
inside-bubble vapour-phase flow fields, are all distinctly different at different fuel mass flow rates
when the flow path is widely open and completely shut by the valve.
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Introduction
Cavitation in liquid-fuel injectors is a widely impactive problem in spray engineering. Its interac-
tion with the moving needle valve controls the fuel mass flow rate. Therefore the cavitating flow
dynamics internal to the injector nozzle has significant impact on spray dynamics, combustion
performance and emissions in aero and auto combustion engines by dictating the upstream
boundary conditions at the nozzle exit. Despite its key role, internal cavitating flow dynamics
under the impact of the moving needle valve remains poorly understood due to the difficulty
both in measurement and computational approaches.

The lattice Boltzmann method has attracted great attention over the past few decades due
to its simple scheme and the easement of dealing with complex or moving geometry [1]. In ad-
dition, the mesoscopic nature of the LB method makes it suitable for multiphase flow problems,
especially for cavitation or phase transition problems, since phases are not distinguished in the
LB method. To deal with moving geometry, bounce-back schemes and the immersed boundary
method can be used in the LB method. The immersed boundary method [2, 3] in general pro-
vides more stable solutions with an overall comparable accuracy and more convenience when
dealing with complex geometry [4]. Its idea is to represent the effect of the boundary by a force
applying to the neighbouring region of the (fluid-moving) geometry interface. The common
feature that both the LB and immersed boundary methods are usually discretised on regular
Cartesian meshes makes it feasible for the two approaches to easily and effectively cooperate.

The LB multiphase flow models mainly include the pseudo-potential [5, 6, 7] and free-energy
[8] models. Although the latter is thermodynamically consistent, it is usually difficult to achieve
high density ratios as in realistic engineering gas-liquid flow and suffers numerical instability.
Overall, the pseudo-potential model, which employs a pseudo-potential function to account for
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nonlocal particle interactions, is widely used due to its simplicity and versatility. The original
pseudo-potential model suffers from its inherent limitations including the relatively large spuri-
ous velocity currents, thermodynamic inconsistency, a low density ratio and the dependence
of the surface tension and density ratio on the viscosity. In recent years, further research on
this model has focused on increasing tolerable density ratios while decreasing spurious veloci-
ties, including incorporating a more realistic EOS into the original model [9, 10], increasing the
isotropy order of the interaction force [11], incorporating an improved interaction force [12, 13]
and force schemes [14, 15, 16] into the LB framework.

In the present study, we further developed PALABOS for an upgraded pseudo-potential
model to cooperate with the immersed boundary method in the code. The pseudo-potential
model is improved by incorporating the Carnahan-Starling (C-S) equation of state, the exact
difference method force scheme and an upgraded interaction force term. Using PALABOS, an
internal cavitating contracting-nozzle flow interacting with a moving valve was simulated. Tran-
sient cavitation phenomena during a whole cycle of the valve motion are revealed. Distinctly
different cavitating flow dynamics under different mass flow rates, especially between the time
instants when the flow path is widely open and completely shut off by the valve, is discussed.

Lattice Boltzmann method
The LB method is based on the Boltzmann equation and simulates flow transport by the evolu-
tion of the distribution functions. The widely used Bhatnagar-Gross-Krook (BGK) approximation
[1] is employed in the present study. The BGK method is based on the development of discrete
molecular velocity distribution functions on uniform Cartesian lattices. The velocity distribution
functions can be written as

fi(x + eiδt, t+ δt)− fi(x, t) = −δt
τ

[fi(x, t)− f eq
i (x, t)] + Fi(x, t)δt , (1)
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where f and f eq are the distribution function and equilibrium distribution function, respectively;
the index i defines the vector of the discrete molecular velocities; ω is the weight factor for differ-
ent speed vectors; τ and ν are the relaxation time and kinematic viscosity, respectively; cs is the
lattice speed of sound, and its squared value usually equals 1/3; u and ρ are the macroscopic
velocity and density, respectively; x and e are the spatial location and base velocity in the LB
method, respectively; F is the external force. To improve the numerical stability of the pseudo-
potential model, the exact difference scheme [14] is adopted and the relationship between F
and Fi is calculated as Fi(x, t) = f eq

i (ρ,ueq + Fδt/ρ)− f eq
i (ρ,ueq), where ueq = Σifiei/ρ.

In the present study, the external force F consists of contributions from fSC due to pseudo-
potential interactions in the gas-liquid flow and the immersed boundary force fIB. Due to the
page limit, refer to [17] for details of implementing the immersed boundary method in the LB
framework, where Dütsch’s measurements [18] of an oscillating cylinder in liquid has been used
to validate the coupled numerical algorithms. The interaction force fSC originally proposed by
Shan and Chen [5, 6, 7] can be written as

fSC(x, t) = −βc0ψ(x)G∇ψ(x)− 1− β
2

c0G∇ψ2(x), (4)

where β is a weighting factor; G is a scalar that controls the strength of the interaction force;
c0 = 6 for D2Q9. A discretised form of Eq. 4 is implemented in the code as
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∑
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ω(1) = 1/3 and ω(2) = 1/12 for D2Q9. To incorporate a realistic EOS [9], the pseudo-potential
function is given by

ψ =

√
2(PEOS − ρc2

s )

Gc2
, (6)

where c = 1 is the lattice speed; G is set to be -1 to keep the square root value positive; PEOS

is determined by the Carnahan-Starling EOS:

PEOS = ρRT
1 + bρ/4 + (bρ/4)2 − (bρ/4)3

(1− bρ/4)3
− aρ2, (7)

where a = 0.4963R2T 2
c /Pc and b = 0.18727RTc/Pc. Tc and Pc are the critical temperature and

pressure, respectively. The temperature T and Tc are both constants in the present study. a
is vitally important for the stability of this modified model. Reducing a increases the interface
thickness and thus reduces the spurious currents [13]. In this study, a = 0.13, b = 4 and R = 1.
The weighting factor β in Eq. 5 for the C-S EOS is set to be 1.315.

The thermodynamic consistency of the improved pseudo-potential model has been evalu-
ated against Maxwell construction. A liquid/vapour mixture with the density ratio up to ∼ 2,400
where T/Tc = 0.45 can be accurately reproduced [17]. In addition, a co-current flow in a two-
dimensional (2D) channel driven by an external force is simulated to demonstrate the accuracy
of the improved pseudo-potential model in realistic gas-liquid two-phase flow. The LB results
agree well with the analytical solutions for three density-ratio cases ρL/ρG at 100, 1,000 and
2,400 [17]. Cavitating flow simulations have also been performed, using a similar configuration
to that in [19, 20]. The discharge coefficient, which is defined as the ratio of the actual mass
flow rate to the ideal mass flow rate of the fluid passing through the nozzle, agrees reasonably
well with published experimental data [21, 22, 23].

Cavitating contracting-nozzle flow interacting with a moving valve
In this study, a moving valve is introduced into the contracting-nozzle configuration, as shown
in Fig. 1, to make a further step towards a realistic liquid-fuel injector, and more broadly, the
working-liquid injectors in a variety of spraying devices.

The initial location of the valve is set to be 50 lattices into the domain in x direction. The
motion algorithm of the valve follows a cosine function, i.e. U(t) = −π/250 cos(πt/25000+π/2).
With this algorithm, it takes 50,000 time steps for the valve to complete one cycle (see Fig. 2).
Note since the times step ∆t = 1, the number N∆t of elapsed time steps is equivalently the
present simulation time, i.e. t = 50, 000 at N∆t = 50, 000.
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Figure 1. Sketch of a contracting cavitation nozzle that interacts with a moving valve.
Coordinates of the three probes: A(350,150), B(480,150) and C(580,150).

The Zou/He-type [24] pressure boundaries are imposed at both the inlet and outlet. The
bottom boundary of the simulation domain is set to be symmetric. The liquid/gas density ratio
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is 1,000. At the inlet, the density is set to be 0.53, while 0.4614 at the outlet. Taking the moving
valve out of consideration, strong cavitation will occur in the whole contracting nozzle in this
case, according to the cavitation numberK [19, 20]. K is defined asK = (Pin−Pv)/(Pin−Pout),
where Pin is the total pressure at the nozzle inlet, Pout is the static pressure at the outlet and Pv

is the saturation vapour pressure. When K diminishes to a specific value, cavitation will occur.
At the intersection of the moving valve and the inlet which is indicated as a dashed line in the
moving block in Fig. 1, zero velocity and the same value of density as that at the inlet (0.53)
are simultaneously set to prevent non-physical mass from entering the computational domain
on the one hand, and to keep the numerical simulation stable on the other. Before starting the
unsteady simulation, an initial flow field is obtained by fixing the position of the valve. After ∼
16,000 time steps, a converged flow field is attained, and a stable cavitation region emerges in
the nozzle. This flow field is used as the initial condition for the subsequent simulation with the
valve moving. We use a “cavitation region” in the present study to indicate a region where the
fluid density drops abruptly. As will be shown below, distinctly different distribution profiles of
the fluid density can be found in a seemingly similar cavitation region, depending on the local
flow dynamics which is controlled by the moving valve. The viscosity is set to be 1.0. The initial
Reynolds number is ∼ 46, and the Reynolds number of the valve is ∼ 2.5.

Figure 2 shows the density contours, superimposed with flow velocity vectors, at different
time instants during a whole cycle of the valve motion. The 10-based-logarithmic scale has
been used for the density to better distinguish low densities inside the cavitation region. At
t = 0, a stable cavitation zone extends towards the outlet, which is consistent with what is
expected from the K criterion. A low-density small area emerges just under the sack wall as
the valve moves towards the nozzle, and coalesces with the existing stable cavitation region at
t = 9, 500. At t = 17,500, the velocity magnitudes of the flow field significantly reduce (see the
velocity vectors) since the valve is shutting off the flow path, and the cavitation region tends to
become wider in the y direction due to a reduction of the flow velocity in the x direction and thus
a reduction of the flow shear. At t = 25,000 when the valve reaches its rightmost location and
so the flow path is completely shut, the cavitation region shows an elliptic shape, with its major
axis pointing towards upper left under the remaining influence of flow shear. It should also
be noted that in previous time instants the fluid density monotonically decreases with orders
of magnitude towards inside the core of the cavitation region, which would indicate a single
large cavitation bubble at the core. At t = 25, 000, on the other hand, small low-density islands
distribute inside the cavitation region, as illustrated by the two small brown regions in Fig. 2d,
which would imply a possibility of multiple coexisting small bubbles in the area. At t = 33, 000,
the cavitation region shrinks as the fluid is reentering the contracting nozzle. Meanwhile the
very-low-density brown regions shown in Fig. 2d disappear, implying an increase of the average
density in the shrinking cavitation region. The shrunk cavitation region has moved towards left
due to the traction effects of the valve, which now moves away from the contracting nozzle. The
major axis of the elliptic cavitation region now points towards upper right under the valve traction
when the flow shear is still not strong. t = 34, 500 is a unique time instant when the cavitation
region appears most circular under the competition between the traction due to the leaving
valve and gradually strengthening shearing flow through the flow path opened by the valve.
At t = 35, 000, which corresponds to 70% of a complete cycle of the valve motion, cavitation
disappears. The low local fluid velocity and a relatively high static pressure cannot maintain a
low-density cavitation region. At t = 44,000 when a cycle of the valve motion completes 88%,
the nozzle flow has accelerated to a state close to that at the initial time instant, and a new
low-density small region reemerges and grows towards the outlet. At t = 50,000, a whole cycle
completes, and the cavitation region recovers its initial state as shown in Fig. 2a.

The density variations at three probing locations are monitored during the whole cycle, as
shown in Fig. 3. The three probes (350,150), (480,150) and (580,150) are located at upstream,
the core and the trailing edge of the cavitation region, respectively, as shown in Fig. 1 by
Point A, B and C. The black line shows that considerable density fluctuations occur before t =
15,000 at A(350,150), indicating continuous rupture and reconstruction of a cavitation bubble;
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(a) t = 0 (b) t = 9, 500 (c) t = 17, 500

(d) t = 25, 000 (e) t = 33, 000 (f) t = 34, 500

(g) t = 35, 000 (h) t = 44, 000 (i) t = 50, 000

Figure 2. Density contours and velocity vectors at different time instants during one moving-valve cycle.
− log10 ρ ∈ [0.25, 3.59]⇔ ρ ∈ [0.00026, 0.56]⇔ ρ∗ ∈ [0.41, 899.23] kg / m3. t = 50, 000⇔ t∗ = 5× 10−6 s.

the density rises to the liquid equilibrium value between t ≈ 17, 000 and 45,000, which indicates
the local fluid remains liquid and the cavitation region is away from this location during this
period of time; after t = 45,000, the density decreases dramatically towards its initial value at t
= 50,000. At B(480,150), the red line shows the density oscillates around its equilibrium vapour
value before t ≈ 15, 000; due to the valve’s compression effect, the density becomes slightly
higher between t = 15,000 and 30,000. However, the vapour-phase state is still maintained;
afterwards, the density rises rapidly towards the liquid value, which corresponds to the shrinking
and disappearing process of the cavitation region in Fig. 2. At C(580,150) (the blue line), the
density is equal to its equilibrium liquid value most of the time, since the cavitation region
shrinks and moves towards upstream, as shown in Fig. 2.

More detailed analysis is now given on cavitation dynamics under different flow conditions
when the flow path is widely open and completely shut by the valve. At t = 9, 500, the valve has
started to move towards the contracting nozzle, while the flow path still remains widely open.
A magnified view of the cavitation region is shown in Fig. 4a. Note the x to y ratio has been
enlarged to 2 : 1 to clearly show the information. Here the density of the red line is 0.455 ∼ ρ0,
which is slightly lower than the initial liquid density ρ0 = 0.46. The density of the pink lines
is 0.046 = 10−1ρ0. It is therefore reasonable to approximate the region between the red and
pink contour lines, more specifically the green belt, as the interface regions between liquid and
gas. Encircled by pink contour lines are cavitating gas bubbles, as shown by yellow floods
in Fig. 4a. The other contour lines shown in the figure denote densities of 0.0046 = 10−2ρ0,
0.001 ∼ O(10−2)ρ0 and 0.00055 ∼ O(10−3)ρ0. It can be seen that in the cavitating region,
the fluid density monotonically decreases towards the core region. The flow is outgoing at
the outlet boundary, as shown in Fig. 4a. A strong shear layer exists in the liquid-gas-liquid
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Figure 3. Density variations at three monitored locations. ρ = 1⇔ ρ∗ = 1612.47 kg / m3.
t = 50, 000⇔ t∗ = 5× 10−6 s.

region, but there is no abrupt changes to velocities (no/weak velocity jumps) from the liquid to
the gas, although the velocity gradient normal to the interface direction is considerable. See
the interface regions between the red and pink contour lines. The velocity vectors seem to
align well with the tangential directions of the density contour lines. Therefore under the current
working condition, the flow is taking the dominant role in controlling the cavitation.

(a) Density and velocity fields at t = 9, 500 when the valve is shutting
off but still widely open.

(b) Velocity vectors on ρ = 0.455 and 0.00253 at t =

25, 000 when the valve completely shuts off the flow path.

Figure 4. Comparison of density and velocity fields between two time instants when the flow path is open and
shut. Both line and flood contours are presented for density ρ using different colour maps.

On the other hand, at t = 25, 000 the valve has just reached its rightmost location and
therefore the flow path is completely shut off. As shown in Fig. 4b, the characteristics of the
cavitation bubble and flow at this time instant are significantly different from those at t = 9, 500.
First the difference of velocity magnitudes between the two time instants should be noted (also
see Fig. 2b and Fig. 2d). In Fig. 4b, velocity vectors are shown on the red contour line where
ρ = 0.455 ∼ ρ0, i.e. on the liquid side of the interface, and on brown contour lines where
ρ = 0.00253 ∼ O(10−2)ρ0. In contrast to Fig. 4a, there is an inward flow from the outlet
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boundary, which is more clearly shown by the streamlines in Fig. 5a. In spray combustion as
an important engineering application of cavitating spraying, flashback into the injector nozzle
after the needle valve shuts the supply of high-pressure liquid fuel has been well recognised to
be important for accurately controlling the fuel mass flow rate and avoiding adverse impact of
high-temperature burned products on the injector nozzle.

(a) Streamlines on density contours (b) Illustration of streamline distribution inside cavitation bubble

Figure 5. Streamlines at t = 25, 000 when the flow channel is completely shut off by the valve.

Different from the negligible liquid flow velocities in regions towards the valve side, inside
the interface approximately represented by the green belt the gas-phase velocity is still consid-
erable, as shown by the velocity vectors on the ρ = 0.00253 contour lines. Towards the outlet
boundary, the difference is in magnitudes, with a higher gas-phase speed. Towards the valve
side, the difference is in both magnitude and direction. Overall, there is a big velocity jump on
the interface between the two phases.

To better show the flow characteristics around and inside the remaining cavitating bubble,
Fig. 5a shows a set of streamlines on the density contours. The rectangular area covering
the white (shown as red in Fig. 4b) density contour ρ = 0.455 is identified. The two diagonal
lines of the rectangle have been used to create 50 seed points on each line to generate the
streamlines that can nicely cover the whole bubble with all flow characteristics properly shown.
The spacing between neighbouring green markers on one streamline indicates the magnitude
of the local velocity. Therefore close to the bottom of the sack wall y = 200, there is virtually
no flow. All the streamlines entering the plot from the left side come through a narrow opening
around [x, y] = [250, 200] where the valve meets the sack wall. All the streamlines from the right
side are back fed from the outlet boundary.

It can be seen that there are one streamline source and two streamline sinks at the gas-
liquid interface, as indicated in Fig. 5b. One streamline sink is close to one of the three density
contour lines ρ = 0.00253 located on the top of the cavitation bubble, while the other is located
on the lower right side of the bubble. The streamline source is found close to the leftmost part of
the bubble. The streamlines inside the bubble march towards the two sinks if they have external
sources or generated by the internal source, as shown in Fig. 5a and illustrated in Fig. 5b.

Conclusions
In the present study, a 2D low-Reynolds-number cavitating flow interacting with a moving valve
has been investigated using lattice Boltzmann methods based on the further developed open-
source code PALABOS. With the cooperation of the immersed boundary method and an im-
proved pseudo-potential model, which incorporates the Carnahan-Starling equation of state
and an upgraded interaction force term, LB simulation of internal transient cavitating flow in a
contracting channel interacting with a moving valve has been performed. Distinctly different
cavitation dynamics at different valve openings has been discovered. When the flow path is still
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widely open as the valve moves towards the contracting nozzle, the cavitation region evolves
from a sheared layer towards an ecliptic shape. Inside the cavitation region, the fluid density
decrease monotonically towards inside, so a single big cavitation bubble exists at the core. On
the other hand, when the incoming flow path is completely shut by the valve, distributed low-
density islands are found inside the cavitation region, implying a scatter of small bubbles in the
cavitation region. Back-flow at the nozzle exit imposes an important impact on inside-bubble
flow. The velocity jumps on the gas-liquid interface are considerable. Two sinks and one source
are found for streamlines inside the cavitation region. With the valve gradually opening again,
cavitation disappears under the competing impact of the traction effects of the moving-away
valve and strengthening incoming-flow shear. Finally, a small low-density area reemerges un-
der the tip of the sack wall that faces the incoming flow, gradually grows and recovers the initial
cavitation region which extends towards the outlet as the flow path is widely open.
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