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Abstract
This work intent to provide numerical tools, allowing simulations of two-phase flow incorporating
compressible effects and a proper treatment of the jump conditions found at the interface due
to large density ratios and phase change. For achieving this task, first, the incompressible
level-set method for vaporizing two-phase flows proposed by Tanguy et al. [12] is revisited
and adapted to a conservative interface representation: The Coupled Level-set/Volume of Fluid
method. In this context, results are presented for simulations of the evaporation of an isolated
static droplet. Then, the formalism is extended into a compressible one using as framework the
pressure-based method proposed by Duret et al. [4]. For validation, a 3D simulation of a static
evaporating droplet is studied for showing the proper mass balance between the two phases.
Finally, a 3D two-phase compressible Homogenous Isotropic Turbulence (HIT) configuration is
presented to demonstrate the potential of this method in presence of breakup, coalescence and
evaporation processes.
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Introduction
Liquid-gas flows are part of large number of engineering systems, e.g., internal combustion
engines, heat exchangers, multiphase reactors, etc. Since heat and mass transfers are mainly
driven by the process of phase change, its understanding is an important part in the design
and optimization of this type of systems. The majority of the existing simulations devoted to
the aforementioned systems use an incompressible numerical formalism. Such assumption
is not able to consider the temporal and spatial density gradients inside gas structures such
as bubbles enclosed in an evaporating liquid. Consequently, outflow boundary conditions are
required to allow the velocity field to be divergence-free in each phase.
When dealing with the simulation of two-phase flows with phase change, numerous difficulties
appears due to the diversity of physical processes that takes place. Being the most challenging
the discontinuity created at the interface in the velocity field. Most numerical methods dedicated
to the convective transport of the scalars in DNS of two-phase flows are originally developed
for handling divergence-free velocity fields. Hence, they cannot use this velocity field directly.
A solution has been proposed by [6] and then modified by [9]. The idea of this method is
to compute a divergence-free liquid-velocity field for advecting of the liquid volume fraction, by
subtracting the velocity jump at the interface from the original velocity field. Another method has
been proposed by [8]. Similar to [9], its purpose is to construct a divergence-free velocity field
to advect the liquid volume fraction. In this case, [8] takes the original velocity field and extend
the velocity of the liquid phase into the gas phase using the Aslam’s extension method [1]. A
third method is the one proposed by [12], here, the ghost fluid method is used for extending
both the liquid and gas velocity fields, and this way obtaining a continuous liquid velocity field.
The main objective of this paper is to present numerical strategies for simulating two-phase
flows which take into account the surface tension, compressible effects, phase change and
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large density ratio in a turbulent flow. We propose to achieve this task by extending the pro-
jection method proposed by [12] into a compressible formalism. Also by combining it with an
accurate and conservative interface capturing method (CLSVOF method), allowing to simulate
atomization processes (high Weber and Reynolds numbers).
In the following part of this work, first, the general formalism for a compressible two-phase flow,
the interface jump conditions and the numerical strategies are described. Then, in order to
validate the thermodynamics of our incompressible formalism, numerical results are compared
with the D2 law. Finally, a 3D HIT configuration is presented to show the capacity of the method
to handle compressible turbulent two-phase flows with phase change.

Governing Equations
In this work, a system of two immiscible fluids is studied; composed by a mono-component liq-
uid and an ideal mixture of gases (e.g. air and vaporized liquid). Mass, energy and momentum
are transported between the two phases through an interface while supposing thermodynamic
equilibrium.
The continuity and momentum equations can be written as:

{
∂ρ
∂t + ~∇ · (ρ~u) = 0
∂ρ~u
∂t + ~∇ · (ρ~u⊗ ~u) = −~∇P + ~∇ ·

(
2µ¯̄ε− 2

3µ
(
~∇ · ~u

)
¯̄I
)

+ ρ~f
(1)

where ¯̄ε is the strain rate tensor, defined as: ¯̄ε =
1

2

(
~∇~u+ ~∇~uT

)
When both fluids are considered to be compressible, the system of equations 1 must be closed
by two equations of state. For the liquid, the Tait’s equation is considered. Concerning the
gas phase, the equation of state for ideal gases is used. The evaporation depends mostly of
the temperature and the vapor concentration at the interface. Hence, the need of solving the
following conservation equations. The energy conservation equation can be expressed in term
of temperature:

ρcp

(
∂T

∂t
+ ~u · ~∇T

)
= ~∇ ·

(
λ~∇T

)
+ αTT

(
∂P

∂t
+ ~u · ~∇P

)
+ ¯̄τ ~∇~u+ Q̇ (2)

Since the liquid phase is considered as mono-component, the species conservation equation
is only described for the gas phase:

∂ρgYv
∂t

+ ~∇ · (ρg~uYv) = ~∇ ·
(
ρgDm

~∇Yv
)

(3)

Interface jump conditions
Considering that we are working with a one-fluid formalism, appropriate jump conditions must
be defined for the discontinuous variables at the interface (ρ, µ and λ). When mass transfer
is considered across the interface, additional jumps conditions are required to fully define our
system. The mass conservation across the interface can be expressed as [3]:

ρl
(
~uΓ
l − ~uΓ

)
· ~n = ρg

(
~uΓ
g − ~uΓ

)
· ~n = ω̇ (4)

where ω̇ represent the mass flux across the interface due to evaporation (i.e. the vaporization
rate). ~uΓ is the velocity of the interface; which can be described, from the liquid side, as
the sum of the liquid velocity at the interface (~uΓ

l ) and the interface regression speed (~sd):

~uΓ = ~uΓ
l − ‖~sd‖~n. ~sd is collinear to the normal of the interface and defined as : ~sd = − ω̇

ρl
~n

Additionally, in the presence of phase change, an extra energy jump condition most be consid-
ered to respect the energy conservation equation:

λl~∇TΓ
l · ~n− λg ~∇TΓ

g · ~n = −hlvω̇ (5)
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Finally, to respect the species conservation for a monocomponent liquid, the jump condition at
the interface for Yv is:

ρgDm
~∇Yv · ~n|Γg = ω̇(1− Yvs) (6)

where Yvs is the vapor mass fraction at the interface in the gaseous phase. In order to ob-
tain it, thermodynamic equilibrium is assumed at the interface; which requires a direct relation
between the energy and Yv. To estimate Yvs, the Clausius-Clapeyron relation is used.
The interface jump conditions of the different variables reveal the strong coupling between
energy and the velocity jump. Handling this coupling is challenging and require robust and
accurate numerical methods dedicated to DNS of two-phase flow with phase change.

Numerical Methods
Interface capturing method
The Coupled Level-set/Volume of Fluid (CLSVOF) method implemented in the ARCHER code
[7] is extended to handle multiphase flows with phase change. Here, two additional terms have
been added to the liquid volume fraction equation; a term due to the compressibility and other
for the evaporation of the liquid:

∂αl
∂t

+ ~∇ · (αl~ul) = −αl
ρl

Dρl
Dt
− ṁ

ρl
(7)

where ṁ represent the quantity of liquid volume evaporated in each cell containing an interface,
and it is estimated by:

ṁ = ρlΣ‖~sd‖ (8)

where Σ =
S

Vcell
is the interfacial surface density of a mixed cell, S is the surface, calculated

based in the PLIC reconstruction. The material derivative of the density is computed as:

Dρl
Dt

=
1

c2
l

DP

Dt
− αT l
ρlcpl

~∇ ·
(
λ~∇T

)
(9)

The pressure and temperature term of eq. 9 are solved after the computation of the Poisson
equation for the pressure and during the evolution of the temperature, respectively. Both of
them will be explained in the next sections.
To couple the VoF method and the LS method it is necessary to solve both of their transport
equations simultaneously. The discretization of both equations is made following the "coupled"
second-order conservative operator split advection scheme defined in [11].
The signed distance function is used to obtain the geometrical information of the interface, e.g.,

the vector normal to the interface

(
~n =

~∇φ
|~∇φ|

)
and the curvature

(
κ = −~∇ · ~n

)
needed for the

computation of the surface tension force. A redistancing algorithm is applied every iteration
step following the same principle of previous work ([12], [5]).

Flow solver
A projection method is used for the temporal resolution of the momentum equation. An Eulerian
staggered grid, where the scalars variables (P , T , αl, ...) are defined on the cell center, and
the velocity is computed on the faces of the cell.
In this work, we are going to use the method proposed by [12] for a reacting interface. The
Ghost Fluid Method (GFM) is used to populate the ghost cells on each side of the interface.
And, the velocity extensions allow to have an liquid/gas velocity fields which are continuous
at the interface. For the compressible part of this work, the projection method of [12] had
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been modified to take into account the compressible effects, i. e., density gradients due to an
increase of pressure in an enclosed environment containing an evaporating liquid and spatial
variation of the temperature field.
First, an intermediate velocity for both liquid and gas field

(
~u∗l , ~u

∗
g

)
is computed by solving the

momentum equation (eq.1) without the pressure:~u
∗
l = ~unl −∆t

((
~unl · ~∇

)
~unl − ~∇ ·

(
2µ¯̄εl − 2

3µ
~∇ · ~unl

¯̄I
))

~u∗g = ~ung −∆t
((
~ung · ~∇

)
~ung − ~∇ ·

(
2µ¯̄εg − 2

3µ
~∇ · ~ung ¯̄I

)) (10)

the term
2

3
µ~∇·~un ¯̄I had been added to adapt the projection method to a compressible formalism.

Then, the second term of the RHS for Poisson equation is obtained with:

f =

{
~∇ · ~u∗l if φ > 0,
~∇ · ~u∗g if φ < 0,

(11)

The Poisson equation is computed with following strategy:

−~∇

(
∆t

~∇Pn+1

ρn+1

)
= ~∇ · ~un+1 − f (12)

where ~∇ · ~un+1 is computed with:

~∇ · ~un+1 = −
(

αl
ρlC

2
l

+
αg
ρgC2

g

)
DP

Dt
−
(
αgαTg
ρgcpg

+
αlαT l
ρlcpl

)
~∇ ·
(
λ~∇T

)
(13)

The convective term of the pressure material derivative (~u · ~∇P ) is discretized with a 5th order
WENO scheme. The Poisson solver used to solve this Helmholtz type equation consists of an
MGCG (MultiGrid preconditioned Conjugate Gradient) method coupled with the Gauss-Seidel
"Red-Black" iterative scheme. Then, the real part of the velocity field of each phase is obtain
with:{

~un+1
l = ~u∗l −∆t

~∇Pn+1

ρn+1 if φ > 0,

~un+1
g = ~u∗g −∆t

~∇Pn+1

ρn+1 if φ < 0,
(14)

The next steps are dedicated to the computation of the liquid and gas velocity extensions(
~ughostl , ~ughostg

)
. For this, a procedure similar to [12] is used.

Heat and mass transfer description
To follow the evolution of the temperature field, in the energy equation (eq. 2), the term respon-
sible for the energy generation by friction

(
¯̄τ ~∇~u

)
and the term of volumetric energy generation(

Q̇
)

are neglected in this work :

ρcp

(
∂T

∂t
+ ~u · ~∇T

)
= ~∇ ·

(
λ~∇T

)
+ αTT

(
∂P

∂t
+ ~u · ~∇P

)
(15)

The eq. 15 is solved in two steps. First, an intermediary temperature (T ∗) is computed con-
taining the convective and diffusive terms of the equations. Then, after the resolution of the
Poisson equation for the pressure, the remaining term is added to T ∗.
Strong temperature gradients can occur at the interface, which are a source of error and can
lead to numerical heating. To avoid this, the Aslam’s extension method [1] is used to extrapolate
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the temperature in each phase. Then the extended values are used in the convection term close
to the interface.
A 2nd order central difference scheme is used for the discretization of the diffusion term. When
mass transfer is considered from the liquid towards the gas (evaporation), the energy jump at
the interface (eq. 5) must be taken into account in eq. 15 through a GFM.
For the transport of the vapor mass fraction (Yv), eq. 3 is solved only in the gas phase with Yvs
as a Dirichlet boundary condition at the interface. Eq. 3 is reduced to:

∂Yv
∂t

+
(
~u · ~∇

)
Yv =

~∇ ·
(
ρgDm

~∇Yv
)

ρg
(16)

As for eq. 15, the diffusion term is discretized using a 2nd order central difference scheme. To
account for the Dirichlet boundary condition at the interface, an 1th order Aslam-Chiu extension
method is implemented, similar to the work of [2]. The interface temperature TΓ needed for the
Clausius-Clapeyron relation is estimated with a linear interpolation of the liquid temperature
extension.

Results and discussion
D2 law
In order to validate the thermodynamics of the incompressible formalism, simulation results will
be compared with the well-known D2 law. The classical result is that the square of the droplet
diameter decreases linearly with time; this behavior is described as the D2 law [10]. To arrive
to the normalized square radius equation, the continuity equation in spherical coordinates must
be solved assuming incompressibility and that the liquid mass flux from the interface to the
surrounding air

(
ṁ′ = 4πr2ρ~u

)
is constant.

Among the conditions necessary for the D2 law to be applicable, the isolated droplet must be in
an infinite continuous medium. Translating this condition into a numerical domain is too numeri-
cally expensive. It would imply that the drop surface is sufficiently far from the domain boundary,
in order to not disturb the spatial profile of the velocity, vapor mass fraction or temperature. To
consider the effect of the boundary, we propose to integrate the species and energy conserva-
tion equations using the values of each variable at the limit of the numerical domain, yielding to
the following equations:

Yv(r) = 1 + (Yvlim − 1) exp

[
− ṁ′

4πρDm

(
1

r
− 1

rlim

)]
(17)

ln

(
T (r)− hlv

cp
− ϕ

ṁ′

Tlim − hlv
cp
− ϕ

ṁ′

)
= − ṁ′

4πρDt
g

(
1

r
− 1

rlim

)
(18)

ṁ′ is computed by evaluating eq. 17 at the interface (Yv(RD) = Yvs). And ϕ can be interpreted
as the heat flow entering the liquid and it is obtained by evaluating eq. 18 at the interface
(T (RD) = TΓ). This way, the length of the numerical domain is considered in our theoretical cal-
culation, making the results more comparable. A water droplet with initial radius ofRD = 150µm
is considered. The initial droplet temperature is Tl = 353K and the initial gas temperatures are
Tg = 573K and Tg = 373K. The domain is an cube with a side length of 8RD. Simulations are
carried out with three mesh sizes: 323, 483 and 643.
On fig. 1, the temperature and the vapor mass fraction fields are presented at t = 0.08 s for
the finest grid (643). As expected, a spherical symmetric property around the drop is observed
for both fields. The temporal evolution of the normalized diameter of the drop is showed in
fig. 2. In the first moments of the simulations, a strong regression speed is observed. This
is because the liquid is not initialized at the equilibrium temperature. Then the curve start to
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stabilize, resulting in a linear trend as the temperature at the interface approach an equilibrium
temperature; as established in the D2 law. This results show the ability of our method to handle
strong temperature gradients at the interface efficiently. Fig. 3 show the temperature and

vapor mass fraction profile versus a normalized radius
(
r∗ =

r

RD

)
in the gas phase obtained

by solving eq. 18 and 17 and the profiles from the three simulations (323, 483, 643). A good
agreement with the theory is found for all the simulations.

Figure 1. Temperature and vapor mass fraction fields (t = 0.08 s).
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Figure 2. Normalized square diameter versus time (s). Tg = 573K: (Solid) 643, (Dashed) 323; Tg = 373K:
(Dashdot) 643, (Dotted) 323.

HIT configuration with phase change
Similarly to previous works, the idea is to study the influence of the evaporation phenomenon
inside a compressible two-phase flows HIT (Homogeneous Isotropic Turbulence). In [5], a pas-
sive scalar was used to represent the evaporation and mixing process. Among the limitations
of this procedure, the influence of the Stefan flow in the velocity field and the increase of the
pressure due to the evaporation process was not considered. An important improvement has
been proposed by [4] with a compressible formalism, where a phase change source term is
directly introduced in the continuity and pressure equations; allowing a good conservation of
the total mass while introducing the velocity jump at the interface. However, the influence of the
temperature in the vapor mass fraction at the interface has not been implemented to the gen-
eral formalism. Contrary to [4] the velocity jump term is introduced implicitly in the ghost points
of the gas velocity field. The coupling between the energy, the continuity and the momentum
equations is added by assuming thermodynamical equilibrium at the interface.
For this HIT compressible configuration, the forcing used in previous work [4] is applied. The
thermodynamic properties are those of n-decane. The initial gas density is ρg = 25 kg.m−3.
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Figure 3. Temperature and vapor mass fraction profile in the gaseous phase (t = 0.08 s). Solid line: theoretical
solution of D2 law, + : 323, . : 483 x : 643.

The pressure is P = 4.11 × 106 Pa and for the Tait equation, the parameters used are B =
109 Pa, P0 = 105 Pa, ρ0 = 750 kg.m−3 and the adiabatic index for the liquid is γl = 1.215. The
initial liquid volume fraction is Φ = 10%. The mesh size is 2563 and the targeted mean kinetic
energy is k̄ = 3.6m2.s−2 . Fig. 4 shows a instantaneous temperature and vapor mass fraction
fields and the iso-contour of the level-set function which represent the liquid/gas interface. As
well as in other compressible and incompressible HIT configurations presented in previous
works, many breakup and coalescence events are observed. Also, small gas structures are
observed inside the liquid; these structures are characterized by a increase in pressure due
to the creation of vapor and a decrease in temperature because of the energy consumption
induce by the phase change. Additionally, the influence of the convection due to the of the
turbulent velocity field in the temperature field is observed. Similar phenomenons are found in
the vapor mass fraction field.

Figure 4. Instantaneous temperature and vapor mass fraction fields and interface location (Level Set 0 isocontour)

Conclusions
The development and applications of a pressure based method for turbulent weakly-compressible
two-phase flows with phase change are presented. The CLSVOF interface capturing method
allows to combine the mass conservation properties of the VoF method and the sharp interface
capturing of the LS method. For considering the spatial density gradients and the evaporation
process the standard VoF equation has been modified. Also, the estimation of a phase change
sink term using the local interface surface combine with a redistribution algorithm allow us to
take into account the liquid evaporation; while assuring mass conservation.
A challenging task when simulating evaporating two-phase flows is the treatment of the addi-
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tional jump conditions found at the interface. This is taken care by the use of accurate exten-
sions of the discontinuous variables and the ghost fluid method. Implementation of the previous
mentioned methods helps to minimize numerical diffusion across the interface and avoid artifi-
cial heating.
The thermodynamics and species evolution of the method is validated by comparing simulation
results with the D2 law. Finally, the implementation of the evaporation process in a 3D HIT com-
pressible configuration present the ability of our method to handle strong interface curvature,
thermal dilatation, collisions and breakups. Future work will be dedicated to the study of the
interaction of the Stefan flow with the turbulence characteristics.
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Nomenclature
γl Adiabatic index
cp Heat capacity [J.kg−1.K−1]
λ Thermal conductivity [w.m−1.K−1]
αT Thermal dilatation coefficient [K−1]
¯̄τ Viscous strain tensor [kg.m−1.s−2]
Yv Vapor mass fraction
Dm Mass diffusivity [m2.s−1]
Yvs Vapor mass fraction at the interface
ṁ Volumetric evaporation rate [kg.m−3.s−1]
αl Liquid volume fraction
Σ Surface density [m−1]
ω̇ Evaporation rate [Kg.m−2.s−1]
hlv Latent heat [J.Kg−1]
φ Level-set function [m]
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